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Abstract
In this paper, we present the results of our investigation on the
modification of Zitterbewegung due to the noncommutativity of the
space-time. First, we study the effect of κ-deformation of the space-
time on Zitterbewegung. For this, we start with the κ-deformed Dirac
theory and using κ-deformed Dirac equation valid upto first order in
deformation parameter a, we find the modification in the Zitterbe-
wegung valid upto first order in the deformation parameter a. In the
limit a→ 0, we get back the commutative result. Secondly, we find the
modification in the Zitterbewegung due to the Magueijo-Smolin(MS)
approach of doubly special relativity(DSR) and in the limit Ep →∞,
we get back the result in the commutative space-time.
1 Introduction
Studies of various aspects of noncommutative space-times, and construction
and analysis of physical models on different types of noncommutative space-
times are being carried out vigorously in recent times[1, 2, 3, 4]. These recent
activities were initiated after the observation that the low energy effective
field theory of a specific string theory model is a field theory living on the
Moyal space-time[3]. The Moyal space-time is defined such that the coordi-
nates obey
[xˆµ, xˆν ] = iθµν , (1)
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where θµν is a constant, antisymmetric matrix. The observation that a differ-
ent limiting procedure of deriving low energy effective theory leads to another
field theory model defined on the commutative space-time suggested the ex-
istence of a map that relates these two effective theories. This map, known as
Seiberg-Witten map was also derived in[3]. This map allowed the mapping
of physical models defined in Moyal space-time to corresponding models in
the commutative space-time. Functions defined on such a space-time can
be mapped to functions defined on the commutative space-time and vice
versa using Wigner map/Weyl-Moyal map. Compatibility requirement of
the product of functions on noncommutative space-time under Weyl-Moyal
map showed that one can use functions defined on commutative space-time
but with a modified product rule called ⋆-product. Thus one can analyse
physical models either by working directly in terms of functions defined on
the Moyal space-time (where one treats these functions as operators since
these are functions of xˆµ satisfying Eqn.(1)) or use functions of commuta-
tive coordinates but with the pointwise multiplication replaced by Moyal ⋆-
product. Following the noncommutativity[5], there were many developments
in quantum gravity and string theory, exploiting this notion of space-time
whose coordinates do not commute. In the vicinity of the Planck length
/energy scale, where quantum gravity effects are expected to be prominent,
the structure of the space-time may undergo radical changes. For example,
the space-time may become noncommutative in nature, where the space-time
coordinates now become operator-valued satisfying the noncommutative al-
gebra. Simplest examples include Moyal space-time, fuzzy sphere and κ-
Minkowski space-time etc. Another possibility is to deform special theory
of the relativity by incorporating the Planck length/Planck energy as a new
constant of nature, apart from the speed of light as it is done in the doubly
special theory of relativity(DSR). In this paper, we investigate how does the
well known Zitterbewegung phenomenon[6, 7, 8] get affected in these scenar-
ios. The phenomenon of the Zitterbewegung came over in the study from the
starting days of the relativistic quantum mechanics. Dirac and Schrodinger
studied it and realised that the charged particle experiences Zitterbewegung
due to the interference with particle-antiparticle pairs. Zitterbewegung is
one of the very important results shedding light to trajectory of relativistic
particle, which is not going to follow simple straight line as in the classical
mechanics. It will get the oscillating term due to the the presence of the
negative energy solution of Dirac equation. The oscillations are of the order
of the Compton wavelength. Although one should note that Zitterbewegung
typically occurs at a much lower energy scale than the Planck scale, but there
has been a certain model, namely ADD model proposed by Arkani-Hamed
et. al.[9, 10] which introduces the concept of ‘Large Extra Dimensions’ (LED)
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and predicts the fundamental energy scale to be much lower than the cur-
rent Planck scale. Although any experimental evidence has not yet been
obtained to support this model perhaps, due to the fact that ever the LHC
is operated at a range which is small compared the predicted range for LED.
However, the fundamental energy scale being lowered, Zitterbewegung may
exhibit some signs of noncommutativity, as noncommutativity is expected to
modify gravity as well as quantum theory at the fundamental energy scale.
This makes a study of any possible modification of Zitterbewegung due to
noncommutativity interesting.
This paper is organized as follows. In the next section, we give a brief sum-
mary of κ-deformed Dirac theory and using κ-deformed Dirac equation[11, 12]
valid upto first order in the deformation parameter a, we analyse the effect
of κ-deformation on the Zitterbewegung in section 3. In section 4, we sum-
marise the Magueijo-Smolin(MS) approach of the doubly special theory of
relativity, which is the modified theory of the special relativity and using
this approach, one can write the DSR Dirac equation in MS base. Using this
modified Dirac equation, we find the modification of the Zitterbewegung in
the MS base and in section 5, we discuss about these two methods which we
used in our investigation. We present our concluding remarks in section 6.
2 κ-deformed Dirac Theory
κ-Minkowski space-time[13, 14, 15, 16] which emerged in the low energy limit
of quantum gravity models[17] is an example of noncommutative space-time
whose coordinates obey Lie algebraic type of commutation relations, i.e.,
[xˆµ, xˆν ] = iCµνλxˆ
λ. (2)
Here Cµνλ = aµηνλ − aνηµλ, ηµν = diag(-1,1,1,1). Here aµ’s (µ = 0, 1, 2, 3)
are real, dimensionful constants and characterize the deformation of the
Minkowski space-time. For the κ-Minkowski space-time, ai = 0, i = 1, 2, 3
and a0 = a =
1
κ
. Thus one can find the commutation relations between the
coordinate of κ-Minkowski space-time as
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = iaxˆi, a =
1
κ
. (3)
The κ-deformed space-time also naturally associated with doubly special rela-
tivity or deformed special relativity(DSR)[18, 19]. Various aspects of physical
models incorporating DSR were analysed in[17, 20, 21].
Different aspects of κ-deformed space-time and their implications on var-
ious models were studied in recent times[14, 15, 16]. Construction and study
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of field theory models on κ-deformed space-time attracted wide attention in
last couple of years[22, 23, 24, 25, 26]. As in Moyal space-time, the statis-
tics of particles on κ-deformed space-time is related to the symmetry of the
space-time. Since this symmetry is described by a Hopf algebra, the statis-
tics of particles in the κ-deformed space-time is naturally connected to this
Hopf algebra[27, 28, 29]. In some of these studies, κ-deformed field the-
ory models were constructed using fields which are functions of κ-deformed
space-time and differential calculus on κ-deformed space-time was used in
analysing these models. Some authors took the approach, developed by S.
Meljanac et al, where they first mapped the κ-deformed space-time coor-
dinates (and momenta) to that of commutative space-time such that the
defining relations in Eqn.(3) are satisfied[13]. Using this map, functions on
κ-deformed space-time are mapped to commutative space-time. This allows
one to map a theory on the κ-deformed space-time to an equivalent model in
the commutative space-time[13]. κ-deformed electrodynamics was analysed
using this approach in[30] and deformed geodesic equation was derived in[31].
In [11], κ-deformed Dirac equation was constructed and its non-relativistics
limit was analysed. Modification to Newton’s equation for a central force
was studied in[32]. Certain bounds on the κ-deformation parameter were
obtained in[32, 33].
In this paper, we use this second approach of obtaining an equivalent
commutative theories corresponding to κ-deformed models and analyse these
models using well established methods[13]. We now use this mapping of κ-
deformed space-time coordinates to that of the commutative space-time and
their derivatives obtained in[13]. Once this map is obtained, functions on
κ-deformed space-time are mapped to corresponding functions in the com-
mutative space-time. This mapping of the κ-deformed coordinates also map
the generators of the Poincare algebra, written in terms of the κ-deformed
coordinates and their derivatives. The coordinates xˆi and xˆ0 are mapped
to functions of x0, xi and ∂0, ∂i (which are coordinates of the commutative
space-time and their derivatives) as follows[13]
xˆi = xiϕ(A), xˆ0 = x0ψ(A) + iaxi∂iγ(A), (4)
where A = −ia∂0.
The symmetry algebra of the underlying κ-space-time is known as the
undeformed κ-Poincare algebra. The generators Dµ and Mµν obey
[Mµν , Dλ] = ηνλDµ − ηµλDν , [Dµ, Dν ] = 0, (5)
[Mµν ,Mλρ] = ηµρMνλ + ηνλMµρ − ηνρMµλ − ηµλMνρ. (6)
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The explicit form of the above generators of the undeformed κ-Poincare al-
gebra are given as
Mij = xi∂j − xj∂i, (7)
Mi0 = xi∂0ϕ
e2A − 1
2A
− x0∂i
1
ϕ
+ iaxi∇
2 1
2ϕ
− iaxk∂k∂i
γ
ϕ
. (8)
and
Di = ∂i
e−A
ϕ
, D0 = ∂0
sinhA
A
+ ia∇2
e−A
2ϕ2
. (9)
The twisted coproduct of the generators Mµν are given as
△ϕ (Mij) = Mij ⊗ I + I ⊗Mij = △0(Mij), (10)
△ϕ (Mi0) = Mi0 ⊗ I + e
A ⊗Mi0 + ia∂j
1
ϕ(A)
⊗Mij . (11)
The algebra defined in Eqns.(5,6) have the same form as the Poincare algebra
in commutative space-time. But the generators of the undeformed κ-Poincare
algebra are modified due to κ-deformation of the space-time. In the work
reported in this section and next section, we use this undeformed κ-Poincare
algebra. In the limit a→ 0, one get back the usual Poincare algebra.
The Casimir of this undeformed κ-Poincare algebra, DµD
µ is expressed
as
DµD
µ = (1 +
a2
4
). (12)
The explicit form of the  operator is given by
 = ∇2
e−A
ϕ2
+
2∂20
A2
(1− coshA). (13)
In terms of Dirac derivatives (Dµ), κ-deformed Dirac equation, one can write
(iγµDµ +m)Ψ(x) = 0, (14)
where
Ψ(x) ∼
∫
d3p ψ(P )e−ipx. (15)
Now Eqn.(14) with the choice of ϕ = e−
A
2 can be rewritten upto first order
in deformation parameter a as(
iγµ∂µ −
aγ0
2
∂i∂i −
aγi
2
∂0∂i +m
)
Ψ(x) = 0. (16)
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Also, we can write Eqn. (14) in momentum space as
(γµPµ −m)ψ(P ) = 0, (17)
This equation has the positive and negative energy solutions as
|ψ+(P )〉 ≡
√
E ′ +m
2m
(
ψ˜1
σ.P
E′+m
ψ˜1
)
, |ψ−(P )〉 ≡
√
E ′ +m
2m
(
− σ.P
E′+m
ψ˜2
ψ˜2
)
,
(18)
where, E ′ =
√
|P|2 +m2 and these two solutions satisfy
(γµPµ −m)|ψ+〉 = 0, (19)
(γµPµ +m)|ψ−〉 = 0, (20)
and any general solution can be written as,
|ψ〉P = C+ |ψ+〉 e
−ipx + C− |ψ−〉 e
ipx (21)
where C± are the coefficients of superposition. This is the solution of the
Dirac equation which is the linear superposition of the positive and negative
energy solution.
3 Zitterbewegung in κ-deformed space-time
In this section, we analyse the effect of κ-deformation of space-time on
Zitterbewegung[7, 8]. For this, we start with rewriting the κ-deformed Dirac
Eqn.(16) as
i
∂Ψ(x)
∂t
=
[
αipi
(
1−
aE
2
)
− βm−
a
2
pipi
]
Ψ(x). (22)
Here the κ-deformed free Dirac Hamiltonian is given by
H =
[
αipi
(
1−
aE
2
)
− βm−
a
2
pipi
]
, (23)
where αi = γ0γi, β = γ0 and E =
√
|~p|2 +m2. These αi and β are the
matrices which satisfies the Dirac algebra as{
αi, αj
}
= 2δij (i, j = 1, 2, 3){
αi, β
}
= 0, (αi)2 = β2 = 1. (24)
6
These matrices commute with momentum vector ~p and coordinate vector ~x.
The momentum vector ~p and coordinate vector ~x satisfies
[xi, xj ] = 0 = [pi, pj], [xi, pj ] = iδij . (25)
In the Heisenberg picture, any operator A obeys the equation
dA
dt
= i[H,A]. (26)
Thus, the time dependent position operator is given by
dxi(t)
dt
= i[H, xi]. (27)
Now using the κ-deformed Dirac Hamiltonian in the above equation, we get
dxi(t)
dt
=
(
1−
aE
2
)
αi − api. (28)
Here it is clear that the right hand side of the above equation gives the ith
component of the velocity operator and it is also clear that pi commutes with
the Hamiltonian H , hence pi will not change with time. Now we define time
dependent ~α(t) and implement the Heisenberg picture
~α(t) = eiHt~α(0)e−iHt,
equivalently, at the infintesimal level,
αi(δt) = αi + iδt[H,αi]. (29)
Using the κ-deformed Dirac Hamiltonian in Eqn.(29), we get
αi(δt) = αi − 2iδt
[
i
(
1−
aE
2
)
σijpj +mγ
i
]
. (30)
Then
pi − αiH = pi − αi
[
αjpj
(
1−
aE
2
)
− βm−
a
2
pjpj
]
,
= −i
(
1−
aE
2
)
σijpj −mγ
i +
aE
2
pi +
a
2
αipjpj. (31)
Now using Eqn.(31) in Eqn.(30), we find
αi(δt) = αi + 2iδt
(
pi − αiH −
aE
2
pi −
a
2
αipjpj
)
, (32)
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after differentiating both sides with respect to time, we get
dαi
dt
+ 2i
(
H +
a
2
pjpj
)
αi = 2i
(
pi −
aE
2
pi
)
. (33)
By solving the above differential equation, we find
αi(t) = pi
(
1−
aE
2
)(
H +
a
2
pjpj
)−1
+
[
αi(0)− pi
(
1−
aE
2
)(
H +
a
2
pjpj
)−1]
e−2i(H+
a
2
pjpj)t. (34)
Now substituting above equation in Eqn.(28) and then integrating with re-
spect to time, we get
xi(t) = xi(0)− apit+ pi(1− aE)
(
H +
a
2
pjpj
)−1
t
+
i
2
(
1−
aE
2
)[
αi(0)− pi
(
1−
aE
2
)(
H +
a
2
pjpj
)−1]
×
(
H +
a
2
pjpj
)−1 (
e−2i(H+
a
2
pjpj)t − 1
)
. (35)
Also, we can re-write above equation as
xi(t) = xi(0)− apit+ pi(1− aE)H ′
−1
t
+
i
2
(
1−
aE
2
)[
αi(0)− pi
(
1−
aE
2
)
H ′
−1
]
× H ′
−1
(
e−2iH
′t − 1
)
, (36)
where, H ′ =
[
αipi
(
1− aE
2
)
− βm
]
. Thus from Eqn.(36), it is clear that κ-
deformation changes the frequency of the oscillating term and upon taking
the limit a → 0, one gets back the familiar commutative result and and
the position of the relativistic particle in the κ-deformed space-time (see
Eqn.(36)) satisfy the same Heisenberg algebra as in the commutative case
given in Eqn.(25).
This whole analysis has been carried out at the level of operators using the
Heisenberg picture. The change in the frequency of the oscillatory part that
we obtain is in the operatorial sense. To relate it to any physical observations
one need to take the expectation value of the xi(t) in some physical state of
the particle. One can observe in the commutative case that the expectation
value in positive energy eigenstate of the fermion, the non-classical term i.e.
the oscillating term drops out. The oscillating term contributes only if one
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considers the presence of the negative energy state or a linear superposition
of positive and negative energy states[34]. We follow the similar steps for our
analysis.
Here we have for the positive energy states
〈ψ+ |
(
αi(0)− pi
(
1− aE
2
)
H ′
−1
)
|ψ+〉
=
E ′ +m
2m
(
ψ˜
†
1 ψ˜
†
1
σ.p(1− aE
2
)
E′+m
)(
−
p(1− aE
2
)
E′
σ
σ −
p(1− aE
2
)
E′
)(
ψ˜1
σ.p(1− aE
2
)
E′+m
ψ˜1
)
=
E ′ +m
2m
[
−
p(1− aE
2
)
E ′
(
1 +
p2(1− aE
2
)2
(E ′ +m)2
)
+
2p(1− aE
2
)
E ′ +m
]
=
E ′ +m
2m
[
−
p(1− aE
2
)
E ′
2E ′
E ′ +m
+
2p(1− aE
2
)
E ′ +m
]
= 0 (37)
where E ′2 = |p|2(1 − aE) + m2, valid upto first order in the deformation
parameter a. Thus, from Eqn.(36) it is clear that in the expectation value of
the operator xi(t), oscillating term will drop out.
Proceeding in similar way for the negative energy state we can easily get
〈ψ+ |
(
αi(0)− pi
(
1−
aE
2
)
H ′
−1
)
|ψ+〉 6= 0, (38)
this shows that in the presence of the negative energy state, oscillating term
will contribute.
Thus, if one considers a general solution as (21) then it is clear that upon
taking expectation value of the oscillation term in that state, only the terms
involving |ψ−〉 will survive and if we choose C− = 0, then the expectation
value will become zero.
4 Magueijo-Smolin approach of Doubly Spe-
cial Relativity and Effect on Zitterbewe-
gung
4.1 DSR Dirac equation in Magueijo-Smolin approach
In this sub-section, we begin by providing a brief review of the Magueijo-
Smolin approach and one obtains the DSR Dirac equation in the MS basis[35,
9
36]. The Planck length scale plays an important role in the micro-level
physics like the quantum gravity, string theory and the loop quantum grav-
ity. The special theory of relativity (STR) do not have a fundamental length
scale because in STR two different observers do not measure same length at
same time. But if lp is the fundamental length scale then the Planck length
lp must have the same value in all inertial frames but this is contradictory
to STR due to length contraction. Based on this idea, Amelino-Camelia[37]
and followed by Magueijo-Smolin[38] developed an extended form of special
theory of relativity, known as doubly special relativity. This extension re-
quires another fundamental constant, in addition to the speed of light c. This
second fundamental constant is expected to be related to the Planck length
lp or the Planck energy scale κ ∝
1
lp
(or Planck energy Ep =
√
c5~
G
), which
implies the microscopic structure of the space-time, called the κ-Minkowski
space-time.
The general idea of quantization in commutative quantum mechanics is
to introduce a correspondence principle between classical and quantum vari-
ables. This is the general strategy to make the transition from the classical
theory to its quantum analogue. One can also make such a transition here for
the κ-deformed Heisenberg algebra and define a deformed “correspondence
principle” for the κ-Minkowski space[36]. Here, we use the convention ηµν =
diag(-1,1,1,1).
For the classical theory, the phase space variables for the Minkowski space
xµ and pν obeys the classical Heisenberg algebra with Poisson brackets,
{xµ, xν} = 0; {xµ, pν} = ηµν ; {pµ, pν} = 0. (39)
The correspondence between the classical phase space variables and their
quantum operator analogue is established as,
xˆµψ(x) = xµψ(x)
pˆµψ(x) = −i~
∂ψ(x)
∂xµ
, (40)
and these operators now obey the quantum Heisenberg algebra
[xˆµ, xˆν ] = 0; [xˆµ, pˆν ] = i~ηµν ; [pˆµ, pˆν ] = 0. (41)
For the κ-deformed Minkowski space the classical Heisenberg algebra gets
deformed[21, 36] as,
{xµ, xν} = λ
(
xµη0ν − xνη0µ
)
; {xµ, pν} = ηµν ; {pµ, pν} = 0, (42)
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where λ ≃ 1
Ep
is the deformation parameter. It has the dimension of length
and is of the order of Planck length scale. Now for this deformed classical
Poisson brackets the deformed correspondence principle is defined as[36],
xˆµψ(x) =
(
xµ − i~λη0µxν
∂
∂xν
)
ψ(x)
pˆµψ(x) = −i~
∂ψ(x)
∂xµ
. (43)
And these operators then can be shown to follow the κ-deformed Heisenberg
algebra for the κ-Minkowski space.
[xˆµ, xˆν ] = i~λ
(
xˆµη0ν − xˆνη0µ
)
; [xˆµ, pˆν ] = −i~
(
−ηµν + λpˆνη0µ
)
; [pˆµ, pˆν ] = 0.
(44)
This deformed correspondence now allows us to derive the Dirac equation
from the Magueijo-Smolin dispersion relation in the same way as is taken
for commutative quantum mechanics. We begin with the Maguiejo-Smolin
relation[38]
E2 = p2c2 +m2c4
(
1−
E
Ep
)2
. (45)
From the deformed “correspondence principle” (43) we get the Klein-Gordon
equation, [
−
1
c2
∂2
∂t2
−
(
mc
~
(1−
i~
Ep
∂
∂t
)
)2]
φ(~x, t) = −∆φ(~x, t). (46)
It can also be “factorised” to derive the Dirac equation for the κ-Minkowski
space in the MS base[36],[(
1 +
mc
Ep
β
)
i
∂
∂t
+ i~α.~∇ +
mc
~
β
]
Ψ(~x, t) = 0. (47)
This is the modified Dirac equation in the MS approach. In the limit Ep →
∞, one gets back the result in the commutative space-time. We will use this
modified Dirac equation in our analysis of the Zitterbewegung problem in
the Maguiejo-Smolin energy dispersion relation base.
Above equation, we can write in the momentum space (c = 1 = ~) as[(
γ0 +
m
Ep
)
p0 + γ
ipi −m
]
φ(p) = 0, pµ = −i∂µ, (48)
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and has the positive and negative energy solutions as
|φ+(p)〉 ≡
√
E˜ +m
2m
(
φ˜1
σ.p
E˜+m
φ˜1
)
, |φ−(p)〉 =
√
E˜ +m
2m
(
− σ.p
E˜+m
φ˜2
φ˜2
)
, (49)
where E˜ = E + mE
Ep
and then
Ψ(~x, t)〉 ∼
∫
d3p
(
d+ |φ+〉 e
−ipx + d− |φ−〉 e
ipx
)
, (50)
where d± are the coefficients of superposition.
4.2 Effect on Zitterbewegung in Magueijo-Smolin ba-
sis
In this sub-section, we find that how does MS approach of DSR effect on
Zitterbewegung. Starting from the deformed dispersion relation in the MS
approach of the DSR[35, 36] which is given as
E2 = |p|2 +m2
(
1−
E
Ep
)2
, (51)
where Ep is the Planck energy and E =
√
|~p|2 +m2, is the energy of the
particle.
We start with the DSR Dirac equation in the position space in MS base[35,
36] and corresponding deformed dispersion relation is given in the above
equation. The DSR Dirac equation in MS base is given as[36][(
1 +
mβ
Ep
)
i
∂
∂t
+ iαi∂i +mβ
]
Ψ = 0. (52)
In the limit Ep → ∞, we get back the commutative result. We can rewrite
the above deformed Dirac equation as
i
∂Ψ
∂t
=
[
αipi − βm
(
1−
E
Ep
)]
Ψ. (53)
Here, the Modified Dirac Hamiltonian in the MS base given as
Hms = α
ipi − βm
(
1−
E
Ep
)
, (54)
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where αi and β are the Dirac matrices and satisfies the Dirac algebra given
in Eqn.(24). Here also, we proceed in the similar manner as in section 3 and
with the use of the Dirac Hamiltonian in the MS basis, we get
xi(t)
dt
= αi. (55)
Now to get the time dependent ~α(t), we implement the Heisenberg picture
as
~α(t) = eiHmst~α(0)e−iHmst,
αi(δt) = αi + iδt[Hms, α
i]. (56)
Using modified Hamiltonian in the MS base in the above equation, we get
αi(δt) = αi − 2iδt
[
iσijpj +mγ
i
(
1−
E
Ep
)]
, (57)
and
pi − αiHms = −iσ
ijpj −mγ
i
(
1−
E
Ep
)
. (58)
Then
αi(δt) = αi + 2iδt(pi − αiHms), (59)
and differentiating with respect to time, we find
dαi
dt
+ 2iαiHms = 2ip
i (60)
After solving the above differential equation, we get
αi(t) = piH−1ms +
(
αi(0)− piH−1ms
)
e−2iHmst. (61)
Now substituting above equation in Eqn.(55) and then integrating, we find
xi(t) = xi(0) + piH−1mst
+
1
2
i
(
αi(0)− piH−1ms
)
H−1ms
(
e−2iHmst − 1
)
, (62)
where, Hms = α
ipi − βm
(
1− E
Ep
)
. In the limit Ep → ∞, we get back the
commutative result. As it is clear from Eqn.(62) and the form of the Hamil-
tonian Hms that the frequency of the trembling motion in this case gets
modified again from the frequency in the commutative case. As explained
in section 3, correspondence to any physical result should be made only by
computing the expectation value of the operator xi(t). One can again show
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here that the oscillating term will only survive when we will take the expecta-
tion value in presence of the negative energy solutions of the Dirac equation
i.e. for purely negative energy solutions or for any linear superposition of
positive and negative energy solutions.
As in the section 3, here also proceeding in same fashion, we can easily get
the expectation value of the operator (αi(0)− piH−1ms) for the positive energy
state (see Eqn. (49)) to be zero because
〈φ+ |
(
αi(0)− piH−1ms
)
| φ+〉 = 0, (63)
and in a similar way for the negative energy state we get
〈φ+ |
(
αi(0)− piH−1ms
)
| φ+〉 6= 0. (64)
This shows that in the presence of the negative energy solution the oscillating
term contributes. The position of the relativistic particle (see Eqn.(62)) still
satisfies the Heisenberg algebra same as in the commutative case given in
Eqn.(25). The position of the relativistic particle in the κ-deformed space-
time also satisfies the same algebra but the modified frequency of the trem-
bling motion is different than the frequency obtained in MS basis, upto first
order in the deformation parameter. However, this may not be true for the
higher orders in the deformation parameter a.
5 Discussion
The presence of the negative energy solutions in the Dirac equation has many
interesting consequences. Zitterbewegung is one of them. In this paper, we
have studied how does the position of a relativistic particle get affected at
time t in the presence of negative energy solutions of the Dirac equation
when noncommutativity is introduced. We have obtained the modifications
to the Zitterbewegung(see Eqns.(36,62)) by considering two different models
of noncommutativity. Both these models treats the effect of noncommuta-
tivity from different perspectives. They propose different energy-momentum
dispersion relation and essentially describe different physics for noncommuta-
tive spaces. There are several other proposals also and one needs to compare
these models in order to arrive at the correct one. We have considered two
such models here, namely : (i) κ-deformed Dirac theory and (ii) DSR Dirac
equation in Magueijo-Smolin approach. For both these models, we have
found modifications, although the modifications are different in each model.
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We began with the κ- Minkowski space-time. In the κ-deformed Dirac
theory the dispersion relation is obtained from the Casimir by
PµP
µ = P0P
0 + PiP
i = −m2, Pµ = −iDµ (65)
where the explicit form of the Dirac derivative Dµ have given in Eqn.(9).
Here note that the momenta P0 and Pi are the κ-deformed momenta and
explicitly the κ-deformed dispersion relation is given as[29]
4
a2
sinh2(
ap0
2
)− p2i
e−ap0
ϕ2(ap0)
+
a2
4
[
4
a2
sinh2(
ap0
2
)− p2i
e−ap0
ϕ2(ap0)
−
a2
4
]2
= m2.
(66)
In the limit a→ 0, we get the dispersion relation, pµp
µ+m2 = 0 which is
same as in the commutative space-time. The κ-deformed Dirac equation(see
Eqn.(14)), which we used to find the correction to Zitterbewegung, satisfies
the above κ-deformed dispersion relation.
In the second approach, we started with the Magueijo-Smolin approach
[38] and one can get the Casimir as,
m2 =
p0p
0 + pip
i(
1− E
Ep
)2 (67)
This gives us the dispersion relation in MS base (see Eqn.(51)). From
this dispersion relation, one can easily write the deformed Dirac equation
(see Eqn.(47))[36]. This dispersion relation follows from the undeformed ho-
mogeneous Lorentz algebra, which is similar to the κ-undeformed Lorentz
algebra. But in MS base, the generators of the algebra do not get modified
due to this form of deformed dispersion relation.
From Eqns.(36) and (62) it is easy to check that the expectation values of
the operators
[
αi(0)− pi
(
1− aE
2
)
H ′
−1
]
and (αi(0)− piH−1ms) are zero in the
positive energy states. For positive energy solutions the expectation value
satisfies classical relation, i.e. Ehrenfest’s theorem holds. The non-classical
contributions are non-zero only in the presence of the negative energy states.
From all these, one infers that the unexpected oscillating terms occur due to
the transition between positive and negative energy states.
There are various other approaches where the form of the homogeneous
Lorentz algebra is kept same as the commutative case but the form of the
generators are modified. Due to the modification in the generators, one can
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obtain deformed energy-momentum dispersion relation, which differs from
the dispersion relation in MS base. For example, in [39] DSR Dirac equation
in the energy momentum space has been derived and it is invariant under
the DSR undeformed Lorentz algebra. But the generators of the undeformed
Lorentz algebra are modified due to the DSR scheme. The DSR symmetry
in the κ-Minkowski space-time depends on the certain choice of the (non-
commutative) differential calculus in the κ-Minkowski space-time. In later
section of [39], a particular differential calculus was adopted and the DSR
Dirac equation consistent with the κ-Minkowski space-time was derived.
6 Conclusion
In this paper, we presented the result of our investigations of the Zitterbewe-
gung phenomenon from two different aspects of noncommutativity. First, we
investigated that how did κ-deformation of the space-time affect the trem-
bling motion of the relativistic particle at time t. To calculate this, we started
with the κ-deformed Dirac equation valid upto first order in the deformation
parameter a. Using the Heisenberg equation for the position operator, we
calculated the position of the relativistic particle at time t which consisted
of an initial position term, a term due to the motion linearly proportional to
time and the unexpected fast oscillating term. This fast oscillating term is
called Zitterbewegung which is now modified due to the κ-deformation of the
space-time. And secondly, we presented the deformation of Zitterbewegung
by using the DSR Dirac equation in the MS base. We found that the fre-
quency of these oscillations is larger than the frequency in the commutative
space-time. But for κ-deformation of the space-time, the frequency of these
oscillations was less than the frequency in the commutative space-time upto
first order in the deformation parameter a.
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